Controlling the false discovery rate has been increasingly utilized in high dimensional screening studies where multiplicity is a problem. Most methods do not explicitly take the correlation between the data or the test statistics into account, with consequent loss of power. In this paper, we use least favorable configurations to obtain critical values for both step-down and step-up procedures, valid for both dependent and independent hypotheses. The concept of a "minimum critical value" (MCV) is introduced. For the step-down case with MCV = 0, our step-down procedure is the same as that of Troendle (2000) . It is conjectured that, for a given MCV, there is no uniformly more powerful step-down FDR procedure. Empirical results suggest that, for maximizing power, the "optimum" MCV is a decreasing function of the number of false hypotheses. Various tables are given, with a special "condensed" table valid for numbers of hypotheses from 30 to 10,000 and ρ = .5 specifically designed for the case where few false hypotheses are anticipated or where a satisfactory outcome is the discovery of a few false hypotheses. Intermediate values for the latter table may be obtained by interpolation. An application to high dimensional genomic data is given.
Introduction
Suppose we wish to simultaneously test m hypotheses. A traditional method has been to control the familywise error (FWE) rate. The familywise error rate is defined as the probability of committing a type I error for at least one of the m hypotheses. An alternative, recently proposed for a number of situations, is to control the false discovery rate (FDR). The false discovery rate is defined to be the expected value of the proportion of rejected hypotheses which are true, with the understanding that if no hypotheses are rejected, the proportion is zero. Benjamini and Hochberg (1995) introduced a step-up FDR (SU) valid when the hypotheses are independent. Benjamini and Liu (1999) introduced a step-down FDR (SD), valid also for independent hypotheses. Benjamini and Yekutieli (2001) proved that the approach of Benjamini and Hochberg (1995) controls the FDR if the joint distribution of the test statistics is positive regression dependent on each one. In addition, the authors introduced a slight deviation of the original procedure, which was shown to control the FDR under any correlation structure. However, these methods lack in power in that they do not take the possible correlation among the test statistics into account. Yekutieli and Benjamini (1999) applied resampling techniques to include the underlying distributional characteristics. Benjamini and Yekutieli (1999) gave a distribution-free FDR-control multiple test procedure. Benjamini and Liu (2001) presented another distribution-free FDR-control multiple test procedure. Under the assumption of normality, powerful test statistics both for the step-up and the step-down cases were derived by Troendle (2000) . His method was shown to control the FDR asymptotically. A different approach to that of Benjamini and Hochberg making use of positive regression dependency was introduced by Kwong, Holland and Cheung (2002) . Sarkar (2002) extended some of the above results. Horn and Dunnett (2004) conducted a study comparing the power of several FWE and FDR controlling methods. Korn, Troendle, McShane and Simon (2003) proposed two step-wise permutation based procedures to control, with specific confidence, the actual number of false discoveries, and approximately, the actual proportion of false discoveries.
In this paper we develop step-down and step-up FDR procedures which are valid for dependent or independent hypotheses. We conjecture that there are no step-down FDR procedures which, for a given MCV, are uniformly more powerful. We also introduce a "condensed" FDR step-down procedure especially designed for the case where few false hypotheses are anticipated.
Problem
Suppose we have m hypotheses H 1 , H 2 , … , H m to be tested. Let the corresponding test statistics be T 1 , T 2 , … , T m . Denote the hypotheses as H (1) , H (2) , … , H (m) corresponding to the ordered test statistics T (1) < T (2) … < T (m) We require that the false discovery rate (FDR), that is, the expected value of the proportion of number of rejected hypotheses which are true, to be < q. Let Q = V/R where V is the number of true hypotheses which are rejected and R is the number of hypotheses which are rejected. When R = 0, we define Q = 0. E(Q) = E(V/R) is the false discovery rate FDR.
In what follows, we will use n T to be the number of hypotheses which are true (T) and n F the number which are false (F), except in graphs where nT and nF will be used.
Calculation of the critical values for the step-down case
We first define A i to be the probability that exactly i hypotheses are rejected.
A
To obtain the critical values, we use m least favorable configurations (see section 9.) of the location parameters of the test statistics. Define LFC i as the configuration where i of the location parameters are zero and the remainder are infinite. The case where all m hypotheses are T corresponds to LFC m .
Under LFC m , set A 0 = 1 -q, and solve for d m .
To obtain d 1 , use LFC 1 . Then, with probability 1, T (m) , T (m-1) , ... , T (2) are infinite and A 0 , A 1 , ... , A m-2 are zero. We have
To maximize power considerations, we choose the smallest value for d 1 which satisfies the equation. When we calculate critical values (or E(Q)) in this paper, we assume the test statistics have a joint multivariate t distribution and a common correlation coefficient ρ. For convenience, we discuss only the one-sided case.
To obtain d i (1 < i < m), given the values for d 1 , ... , d i-1 , use LFC i . With probability 1, T (m) , T (m-1) , ... ,T (i+1) are infinite and A 0 , A 1 , ... ,A m-i-1 are zero. We may then write, using the basic expectation algorithm,
.. , A m are each decreasing functions of d i , we choose d i as the smallest value such that E(Q) < q. We note that larger values will satisfy the FDR requirement, but of course at the expense of "power".
On close examination, A 0 = 1 -q, and the m -1 equations E(Q) = q for obtaining the m critical values, are, in spite of completely different notations, equivalent to the corresponding k (=m) equations (4) of Troendle (2000) . Troendle's equations are based on multivariate normal assumptions and "asymptotic FDR control". Troendle uses the fact that T 1 , ... , T k are consistent for testing H 1 , ... , H k . Thus, as the sample size for each of the test statistics increases without limit, "under any parameter configuration" the values of the test statistics corresponding to the true null hypotheses are less than values of the test statistics corresponding to the false hypotheses. No true hypothesis can then be rejected unless all of the false hypotheses are rejected, and equations (4) follow from (3).
Our equations are based on least favorable configurations of the population means of the test statistics which are assumed to have a multivariate-t distribution. 
We should like to follow a regime similar to that for the step-down case. That is, to obtain d 1 , assume the least favorable configuration LFC 1 and find the smallest value of d 1 which solves the equation E(Q) < q. To obtain d i , given d 1 , … ,d i-1 , assume LFC i , and solve for the smallest value d i for which E(Q) < q.
Assuming LFC 1 , with probability 1, T ( 
Minimum Critical Values (MCV's)
For step-down FDR we obtained d 1 as the smallest value satisfying P[T (1) > d 1 ] < mq. For step-up FDR, a larger value for d 1 was sometimes required. For either step-down or step-up FDR , the resulting value of d 1 may not be looked on with favor by all potential users. We doubt that many users would look with favor on an FDR procedure with the critical value d 1 = -∞. Similarly, we suspect that some of those users might look with suspicion on any procedure which would allow an hypothesis to be rejected when the test statistic was less than t q,ν (the critical value for rejection of a 1-sided hypothesis using level q when the standard deviation is estimated using ν degrees of freedom). In that case they might prefer to set d 1 = c = t q,ν .
The value we set for c, we define to be the Minimum Critical Value (MCV). Table 5 .1 shows the resulting critical values for 7 different MCV's for step-down FDR when m = 10, q = .05 and ρ = .5, ν = ∞. Table 5 .2 Critical values for FDR step-up one-sided tests m =10, q = .05, ρ = .5, ν = ∞.
" Optimum" Critical Values
For each of per pair, all pairs and any pair power, for SD and SU FDR, computations were made for m = 14 and 100, q = .05, ρ = .5, ν = ∞, all values of n F , various MCV's and ∆ = 1.732 and 3.464. (We define ∆ to be the common location parameter of the n F F test statistics. The value ∆ = 1.732 is equivalent to a standardized mean difference of 1 between the population means of the F treatments and the control in the comparisons with the control problem when the sample means are estimated with a sample size of 6. (See Horn and Dunnett (2004) )). The graphs for m=100, ∆ = 1.732 for the three different powers for both step-down and step-up are shown in Appendix I. Graphs and tables for all cases are given in Somerville (2003) . The MCV for which the calculated power was largest, was always a decreasing function of nF. This suggests that a "small" value for MCV should be used when most hypotheses are anticipated to be false and a "large" value for MCV should be used when few are expected to be false. An additional advantage of selecting an MCV related to an expected number of false hypotheses is that there may be a significant reduction in E(Q) or the "false discovery rate". If nF = 1, then an FDR procedure is not needed, and Dunnett's (1955) procedure is indicated. For the step-down procedure, Table 6 .1 shows the MCVs resulting in the largest per pair power when m = 100, q = .05, ρ = .5, ν = ∞, ∆ = 1.732. MCVs used were -∞, 0, 1, 1.645, 2. Table 6 .1 MCVs for which per pair power is largest (Step-down FDR) Tables 6.2 and 6.3 give the probability that the step-down and step-up procedures will result in all n F False hypotheses being rejected for one-sided tests when m = 10, q = .05, ρ = .5, ∆ = 5.196, and ν = ∞. The corresponding values of E(Q) are given in parentheses. The value in bold in each n F column is the maximum probability over all MCV values. (Values in the tables are given to three decimal places. There may be error in the 3rd place). Table 6 .2 Probability that all n F hypotheses are rejected (E(Q) on second line) FDR (
Step-down) m =10, q = .05, ρ = .5, ν = ∞. Table 6 .3 Probability that all n F hypotheses are rejected (E(Q) on second line) FDR (
Step-up) m =10, q = .05, ρ = .5, ν = ∞. Tables  Tables 7.1 and 7 .2 are for step-down and step-up FDR respectively. They give critical values for m = 20 when MCV = t q,ν , ρ = .1(.2).9 and ν = 15, 30 and ∞. The tables suggest that the critical values (particularly the larger ones) are decreasing functions of both ρ and ν. The tables, and intuition, suggest that underestimating ρ (the assumed common correlation) leads to a conservative rejection (discovery) procedure. Step-up FDR Critical Values for m = 20 and q = .05 Table 7 .3 gives FDR step-down critical values for values of m ranging from 30 to 10,000 for ρ = .5, ν = ∞ and the specified MCV. The MCV is chosen as the smallest value c for which d 1 = d 2 = … = d m-7 = c results in E(Q) < .05. It is designed for situations where relatively few false hypotheses are expected, or situations where a user is satisfied to find a few false hypotheses (make a few "discoveries" Step-down FDR Critical Values for m for q = .05, ρ = .5, ν = ∞
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Some Observations on the Use of Fewer than m critical values in
Step-down FDR A considerable amount of simulation suggests that using a reduced number of critical values in step-down FDR results in a reduced FDR with a small subsequent reduction of power. Step-down FDR This suggests the utility of tables which limit the number of "unique" critical values such as Table  7 .3. One convenient way of accomplishing this is by the use of sufficiently large MCVs. (2004)), and also E(Q). The probability of rejecting at least one of the false hypotheses is called any pairs power. The probability of rejecting all false hypotheses is called all pairs power. Considering a specific hypothesis, the probability of its rejection is called the per pairs power. Since our calculations assume all the test statistics corresponding to the F hypotheses have the same location parameter, the per pair power is identical to the average power. The Fortran 90 program FDRBIG calculates d m for step-down FDR for arbitrary values of m, q, ρ and ν. The value d m is also the critical value for Dunnett's (1955) comparisons with a control.
Calculation of Critical Values and Powers
For both step-down and step-up FDR, critical values were calculated using m=14, q=.01, .05 and .10, values of ρ equal to 0, .05, .1, .5 and .9, various values for MCV, and degrees of freedom for the test statistics equal to ∞. Additional computations were done using various values of m from 3 to 20, and for some special cases with m=9000. The value of N was 10 7 . Because, in many cases, the partial derivative of E(Q) with respect to d i is small, moderately large changes in d i are required to effect a small change in E(Q). This, combined with the dependence of the calculated values on d 1 , …, d i-1 , make accurate estimates, and assessments of their standard error of estimate, difficult to obtain. Error in the third decimal place should be expected. FDRPWRDN and FDRPWRUP were used to obtain not only the various powers, but to obtain E(Q), to assure that the FDR requirement that E(Q) < q was met.
FDRPWRDN and FDRPWRUP were used to calculate E(Q) for 0 < n T < m-1 for ∆ = 0(.2)2, 3, 4 and sometimes 8. The values for N were 10 6 or 10 7 . Calculation of critical values, E(Q) and various powers for m = 14 and 100 , ρ =.5 were previously given in Somerville (2003) .
When ρ was equal to .1, .5 or .9, and q equaled .01, .05 or .10, computations for step-down FDR suggested E(Q) to be an increasing function of n T for a given ∆. An example is given in Graph 9.1. Every computations did not show E(Q) < q, but the maximum value of E(Q)-q was .0037, which occurred for m=14, q=.10, ρ =.9, n T =4, MCV=-1000 and ∆ large. For a given n T , E(Q) was typically, but not always an increasing function of ∆. Given the standard error of estimates for the critical values, and the programs which make extensive use of simulation, the calculations are not inconsistent with: i) Using the m "least favorable configurations" for the calculation of critical values result in E(Q) < q.
ii) For a given ∆, E(Q) is an increasing function of n T for step-down FDR. We again note that when MCV=0, the FDR step-down equations for the critical values are equivalent to those of Troendle (2000) . We conjecture that, for a given MCV, no step-down FDR procedure is uniformly more powerful.
For Table 7 .3, the values for d m were obtained using Fortran 90 program FDRBIG. The other critical values were obtained using SEQDN with N=10 7 for m < 500, and N=10 6 for m=1,000, 5,000 and 10,000. The values were then "smoothed" using the regression of d m-i on ln(m), [ln(m)] 2 and 1/ln(m). "Large" residuals (as defined by MINITAB regression calculations) were, except for one value, restricted to m = 1,000, 5,000 and 10,000. Except for the residuals .0070, .0041 and .0049, none exceeded .0025. The value of R 2 for each of the regression equations was 100.0 %.
Values in Table 7 .3 should have small standard errors, restricted to the third decimal. The critical values d m have known standard error and N=10 8 was used in FDRBIG. The values d m-7 were also calculated using N=10 8 . The small residuals resulting from the MINITAB regression on the calculated values gives further evidence of small error.
Comparisons with Other Procedures
Per pair and all pairs powers were calculated for m = 100 for the step-up procedure of Benjamini and Hochberg (1995) , the stepdown procedure of Benjamini and Liu (1999) and the sequentially rejective procedure of Holm (1979) . Graphs comparing the procedures with step-down procedures using 6 different MCV values are given in APPENDIX II. Also included, for the same procedures, is a graph comparing E(Q). Korn, Troendle, McShane and Simon (2003) recently proposed two new procedures which control, with specified confidence, the actual number of false discoveries, and the actual proportion of false discoveries, respectively. They applied their procedures to analyze a microarray dataset consisting of measurements on approximately 9000 genes in paired tumor specimens, collected both before and after chemotherapy on 20 breast cancer patients. Their study, after elimination of cases of missing data included 8029 genes for analysis. Their Table 3 showed the genes with the 28 smallest "unadjusted paired t-test p-values for testing the null hypotheses that the mean pre and post chemotherapy expression of genes is the same". Their Procedure A identified 28 genes where u, the number of false discoveries, was < 2, with confidence .05. Procedure B identified the same 28 genes where γ, the false discovery proportion, was < .10. We have used the Fortran program SEQDN to obtain stepdown FDR constants for m = 8029, q = .05, ν = ∞, ρ = 0 and .1, and MCVs which result in 8 and 31 "unique" critical values. Note that as expected, decreasing MCV (increasing the number of "unique" critical values) increased the number of genes identifies. The price paid was an increased probability of false discoveries.
Example
Unadjusted ρ = 0 ρ = .1 ρ = 0 ρ = .1
Summary and Conclusions
Step-up and step-down FDR procedures are developed which are valid for dependent or independent hypotheses. The concept of a "Minimum Critical Value" (MCV) is introduced. The methodology (but not the computation) is independent of population distributions and uses least favorable configurations. The formulas developed produce a vector d of critical values, each element of which is the smallest possible, given the previously calculated values. We conjecture that there are no uniformly more powerful step-down FDR procedures. For the step-down case, the FDR procedure is the same as that of Troendle (2000) when the MCV = 0. For the step-up case, use only of least favorable configurations is sometimes insufficient, and for those cases, MCV's are also utilized.
Tables giving the critical values for step-up and step-down FDR when m = 20, q = .05 for several values of ρ and ν are given. A table of critical values when m is between 30 and 10,000 and ρ = .5 is given, designed for the case when the number of false hypotheses is small or when a satisfactory result is the selection of a small number of false hypotheses (discoveries).
An example of the use of the methodology, with data taken from the literature, is given.
Use of large values of MCV makes feasible the use of FDR for very large values of m, since fewer critical values are needed. Using fewer critical values reduces the expected number of discoveries, but is compensated by smaller expected numbers and proportions of false discoveries. Numerous calculations suggest that the "optimum" MCV (the one which results in the highest powers), is one for which the number of "unique" critical values is approximately equal to n F , the number of false hypotheses.
A forthcoming paper will include tables of FDR step-down critical values for m between 50 and 10000, assuming common correlations of .0, .1 and .2, and for MCVs which result in 8 or 31 "unique" critical values. Also included will be a study of the effects of assuming a correlation of 0 when the data has higher correlations (robustness with respect to correlation).
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